10.1 Radical Expressions and Functions

If a is a nonnegative real number, the no.nnegativé number b such
hat b? = a, denoted by b = Va, is the principal square root of a.

Example1: Simp.lify each of the following:
a. N100 =10 I [O1D = 10C

9 - B i }‘l %-:_' ,ﬁg
b. 16 4 . smee A
H
o JO0& =02 ; sce (0:2)0.0-04

d. —100 = =10
e. 9116 = V25

- g ! simte 5.6 =26

V8 j cince 6336

What happens when we try to evaluate the square root of a negative
number? The square root of a negative number is not a real number.

Square Root Functions

Because each nonnegative real number, x has precisely one

principal square root, w/; there is a square root function defined by
f(x)=x.

The domain of this function is [0,e).

To graph f(x) = x, construct a table of values by choosing

nonnegative real numbers for x and calculating y. If you are not using
a calculator, it is easiest to calculate y if you choose perfect squares
for x. Plot these ordered pairs and then connect the points with a
smooth curve. Remember that the domain is nonnegative real
numbers.

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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Table of values for f(x)= \x

X | f(x) = Vx

_ (y)
0 f(0)=v0=0 (0,0)
1 f(1)=v1=1 (1,1)
4 f(4)=2=J%=2 M,z )
o f(9)=7=J2=32 (7,2
16 Qi = o = ¢ (16,9)

Graph of f(x) = Vx.

2 R K Sz 3 4 5 6 7

Popan= X | Xze'

Note: Portions of this document are excerpted from the textbook /nfroductory and Intermediate
Algebra for College Students by Robert Blitzer.
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Evaluating Square Root Functions
To evaluate a square root function at a value of x, substitute that
value into the function everywhere that x occurs.

Example 2: For each function, find the indicated function value.
a. f(x)=w/2x+'5 ,f(2)  Solution: f(2)=,/2(2)+5 =" |
e R

b. g(x)=vx+13, g(3) 05(3',),: Ty T2 =il Ty “ ﬁ(ﬁ =4

c.g(x)=Vx+13,9(-4) (D= Ftz={a=3 5 g09=3

Finding the Domain of a Square Root Function

Because the square root of a negative number is not a real number,
the square root function is defined only for values of the independent
variable that produce a nonnegative radicand.

To Tind the domain of a square root funchion, set the radicand
{quantity under the radical) greater than or equal to zero and solve
the lnequahty

Example 3: Find the domain of the glven square root functions.

a. f ( ) =2x+6 Solution:2x+6 = 0
2x =26

x>-3
ADama';n: [—-3, 00)

b. g(x)=~5x-12 Salve:! 5x-1220.0 = xz &

- f
sz*fx%&;a%a?;/ Sowrin= [ 61 9 o)

S¥Hzve g —
Sxytt
e T & 3
h(x)=+3-2x %ﬂflx?—o . X<£ 3§ ,
anAax 2B [ o w2
2% Z -3 ,e% _ R : _—
ﬁz,x; & =5 '

Note: Portions of this document are excerpted from the textbook Infroductory and Intermediate
Algebra for College Students by Robert Blitzer.
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Modeling With a Square Root Function
The graph of the square root function is increasing from left to right,
but the rate of increase is decreasing. Thus, the square root function
is often the appropriate function to use to model growth phenomena
with decreasing rate of growth.
Example 4: The median height of boys in the United States from
birth through age 60 months is given by the fuhction

f(x) =2.9vx +20.1
where x is the age in months and f(x) is the median height.
Use this function and a calculator to find the median height of 3-
year old boys in the United States. Round your answer fo the

. nearest tenth of an inch. : = Aaq2 L o
{zo= 2.9 +zo.l MW??S "
w HAC
{eo=2.9.(6) +20. x= Bow

feo= 13,4 42004

flze) = 3%S .. __ |
__.m; m wedion e gt % 3.-%&»*5@ Loy 5 1 Hae MS.J{
Us ayporoastely 37,5 wmebes. |

Simplifyinig Expressions of the Form a®

For any real number a, Va2 =[d].

For any nonnegative real number a, Va® =|g|=a

Example 5: Simplify each of the following: -

a. \/(_-3? Solution: Mz‘(—?))‘:3

o agd = Jgar = 134l =

C. \/(x-—g)z = |x—-9}

Note: Portions of this document are excerpted from the textbook /Infroductory and Intermediate
Algebra for College Students by Robert Blitzer.



Cube Roots and Cube Root Functions

The cube root of a real number a is written %/;=b where b3 =a.

The cube root of a positive number is positive, and the cube root of a
negative number is negative. The following table shows some cube
roots of perfect cubes that you should memorize.

Table of Cube Roots of Some Perfect Cubes

% =1 Veob ol sl
Ye =2 2.2.2-8
Y-8 =-2 C2ICDEDE R
Y27 =3 3. %03 =2F
97 =3 LG R e o
64 =4 Uy o 6
[64--4 (= el (-4 3 -6
3125 =5 S g T=115
216 =6 bbb =206
1000 =10 o 1o to = 1000

Graph of the Cube Root Function
Because each real number has exactly one cube root, f(x) = %/; is a

function. It is called the cube root function. The domain of f is the set
of all real numbers. To graph the function, construct a table of values
by choosing perfect cubes for x and calculating f(x). Then plot each
ordered pair and connect the ordered pairs with a smooth curve. A
table of values and the graph follow.

Table of values for f(x) —¥/x

X f('x) =3/x (x.y)

8 f(-8)=%-8=-2 - (82)

E () =H = (—1,-1)

0 - f0)=40=7 =0 (0,0)

f(1)=? ‘::%ﬁpﬂ:;g _ Q&;%)

8 @Y =2 & 2)

Note: Portions of this document are excerpted from the textbook Infroductory and intermediate
Algebra for College Students by Robert Blitzer.
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Note that the cube root function is always increasing as the graph is
traced from left to right.

Evaluating Cube Root Functions
To evaluate a cube root function at a value of x, substitute that value
into the function everywhere that x occurs.

Example 6: Find the indicated function values.
F(x)=x+3 ,£(24)  Solution: f(24) =324 +3 =
fad)~ \F""
feh=
b. g(x)=¥3x-4, g(4) (%)= \J%m Ve %&ﬂ -
%ﬁ,‘{% ﬁ%_ Mé

%@5\} =37
h(x)=31-3x, h(3) Ly w-'sm
W E§i=g
NS

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.



Simp!ifyi_n_g Cube Roots
For any real number a, Ya> —a.

Example 7: Simplify each of the following. .

a Usx® = 2w we @%}'{2%}(2@ = &x
% o T

b. _27X3 m%}g < 5 wee éﬁl%;(\}.{\ﬁgéﬁ} {mg & 2‘ % x z

c. Y1000E = 10x 4 Smee {ox{ioe JeCion) = o000 %

Even and Odd nth Roots

Radical expressions can have roots other than square roots and cube
roots.

3

o,
=

?
»

H

3

¥

The radical eXpréssion %a means the nth root of a. The numbernis
called the index, and a is called the radicand.

In general, Ya =bif b" =a.

Example 8: Simplify each of the following. _
a. 6 Solution: %ﬁg = 2 rosawie 22w =16

R Faa |
b. 3243 =/ 35 -+« siuce HZS33323
$ - b “";1' ey Y W "2
c. Y64 = [5® L B bt =22 2272
d Y32 =% i ; aince 3L >l DULULEAUL)

- -7

If the index is an odd number, then the root is said to be an odd root.
An odd root of a positive number is a positive number, and an odd
root of a negative number is a negative number.

If the index is an even number, then the root is said to be an even
root. Since we choose the principal root when the index is even, the
even root of a positive number is a positive number. The even root
of a negative number is a not a real number.

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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1 243
Example 9: Find the indicated root, or state that the expression is not | * ?ﬁj
a real number. _ % 3y & Q‘A
a_?;i/%m}ﬁg%&{g&i W;M%&f C. \6/§_64) wa’f‘a fﬁéémm%ﬁw %A% 22 )
3 - 2r t2 &
b. ¥-243 "?55\!(:33"5 d. ¥ —12";‘3\{:;? *z_f\é ¢
e m% = ~E f‘\
. : Wan g ¥
Simplifying Expressions of the Form Va ™ N
For any real number a, “éiz? é}

If n is even, ofah = IaI
| Ifnis odd, R[EF =a

Example 10: Simplify each of the following:

a {x* = Ixl

b. §(x-5)°> %S

c. Y(2x+1)’= 2wt |

d. y(3x—1)" = 3x-1}

Using a Calculator to Find Roots
The square root key on the TI-83 calculator is located on the left side

above the x* key. Other roots are found in the MATH menu. Press
the “MATH” key, and scroll down to %/- for cube roots or !\f for roots
higher than 3. To use the 2\/— function, enter the index first, select

ﬁf , enter the radicand, and then press enter for the desired root.

Example 11: Use your calculator to find the following. Round to
three decimal places.

a. V151 & ..268
C.

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.



Answers Section 10.1

Example 1:
a. 10
b 3 Example 7:
"4 a. 2x
c. 0.2 b. —3x
d. 10 c. 10x
eb
f. 11 Example 8:
a.z2
Example 2: b.3
a.f2)=3 c. 2
b.f(3)=4 d. -2
c.g(-4)=3
Example 9:
Example 3: a. Not a real number
a.[-3,) b. -3
12 c. Not a real number
b. [—-,o.o] d. -2
5
. (“m g] Example 10:
' "2 a. |xl
b.x-5
Example 4: x = 36, f(36) = 37.5 c. 2X + 1
The median height of a 3 yr. old d. |3x~—1|
boy in the U.S. is 37.5 inches. h
Example 5: Exampie 11:
a. 3 a. 12.2_88
b. 7x b. 3.871
y c. 3.527
C. [x—9|
Example 6:
a. f(24)=3
b.g(4)=2
c. h(3)=-2

Note: Portions of this document are excerpted from the textbook Introductory and intermediate
Algebra for College Students by Robert Blitzer.



10.2 Rational Exponents

1
Definition of a" . _
If ‘\E represents a real number and n=2 is an integer, then
1

a"=1a.

1
e ais positive, then a" is positive.
k|
¢ ais negative, then a" is negative.
1
e ais zero, then a" is zero.
if nis even and

if nis odd and

;
* ais positive, then a" is positive.
1
* ais negative, then a" is not a real number
1

¢ ais zero, then a" is also zero.

Example 1: Use radical notation to rewrite each expression.
Simplify, if possible.
1

4. 362 =~f36 =7
= b

b. ('—8); - 3\} €

it
A
e

= ¥\

Note: Portions of this document are excerpted from the textbook Infroductory and Intermediate
Algebra for College Sfudents by Robert Blitzer.



Example 2: Rewrite each expression using rational exponents.
1
a. {/5xy = (5xy)*
| -
S P
b. %/3xy’ “"@&"% v
{
\ 3
c. Yaap = (Mah)

; <4
d. /3xy ﬁ{}gﬁhﬁ\é%

m

Definition of a"

if [\/; represents a real number and E is a positive rational number,
n
n=2, then
an = (D\/f;)m and a" =%a".
y $hwls
Note that if n is even and a is negative, Ya does not represent a real P
= A
number and a" is not a real number. ¢4
. | o =4™
Example 3: Use radical notation to rewrite each of the following and
then simplify. : /‘\S:
3 : . _ _
a 162 =416 =4°=7:4-4: 4= lo 4=bY 2’222
. '—.l ! é"
2 % ¥ =25
2 3 | = ‘Zm ’2 =
b. 82 ZQV@ ) =(2) 1
; %,5*
¥ % :
3 . _ P i
c. (-9) ::C%f “%) \ not areal muw-mr S
S ¥
Z Y

: 5
d -32% <= - (\gi 3‘?@)

- N
== (2) i2= 3%
EEEE me, R o B
Note: Portions of this document are ei’éﬁﬁed from the textbook Introductory and infermediate 2 > 22,

Algebra for College Students by Robert Blitzer. =




Example 4: Rewrite with rational exponents.

a. {8° = 35/‘%

Y.
b. Yo7 = Bx)

#

7
c. (5\/5(;)7 Léﬂﬁ*? ) fié

\ Ve
d. ¥25x2 = &3%?3}

m

Definition of a "

TH

If a® is a nonzero real number, then

Simplify, if possible. Assume all variables represent nonnegative

quantities.
a 49711 o

sz V42

oA ,

b. 325 = TEs T (¥aR® 0 (2p 0 @

R |
c. (2ab) 3 - 2ab)
d. {-27) 3 = TR, A\ T T e T T

(-27) AN (V) =33 9

Note: Portions of this document are excerpted from the textbook Infroductory and Infermediate
Algebra for College Students by Robert Blitzer.
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Properties of Rational Exponents
If m and n are rational exponents, and a and b are real numbers for
which the following expressions are defined, then

1. b™eb" =b™"
2. B =h™"
bn
) -b™
(ab)n =ab"
a’

il

bi’!

3'-

Example 6: Simplify the following expressions with rational
exponents. Express all answers with positive exponents. Assume alll
variables represent nonnegative quantities.

z 8 éﬁ'
2 4 % 3 1’.“ o
a gest = g =8 =8 =9k
5 _3 X g2 +
5 R g Lz t
7 3PS =F =3
b. = =
78
u. .
s 3 % 4% % 2 T ¥R W
C (3xy‘°‘)7 = 5 x f}g j = 5 X Y =2 X \g
%, )3 :
2.1 5% -3 -% 4
16 — 222 X . 4 X =4x  =Y4x
ax? [ake ) 4 _3 5
X = - o g t‘}ﬁ e T e : -
o - W=7 2% & & . i)
B T | ) 8 -2 A = R
pie T

Note: Portions of this document are excerpted from the textbook fnfroductory and Intermediate
Algebra for Callege Students by Rabert Blitzer.



Simplifying Radical Expressions Using Rational Exponents

To simplify a radical expression by using rational exponents:

1. Rewrite each radical expression as an exponential
expression with a rational exponent.

2. Simplify using properties of rational exponents.

3. Rewrite your answer in radical notation when rational
exponents still appear.

Example 7: Use rational exponents to simplify. Assume all variables Mj_ @’.f 9
represent nonnegative quantities. 2 L . {:ﬁ‘” 2 gﬁ’
R TR ﬁf—"- ' S b= 4
a. 38'x2_ :(8x2)3=83 (xz)ﬁg g g o"}k — &%Wﬁm ' gw
| Lo B0l
R S v
o 4Ye SRRV | . ‘
b\/16xy4:(?;?<‘g) wgﬁfxﬁ‘?’_ S '
Lo w L % L4
e 9" X %mzﬁm'&?ﬁi%?{yw'f&%
X \g = ‘- i e . -
| %éé 4 A=
W %/é 2 e
SR %'m 5'@%2%{,2) :%~%‘§“:§;““
c Yoax® =\ %4 XK ~ i : °
% e ZKRT ok
= 27 X =B b
W
& -
d J;('.sxz = K X =
g
R .
g 2.4 a
- - o X -
FoaE. xS xE
e. VU F <i¢ L A

Note: Portions of this document are excerpted from the textbook Infroductory and Infermediate
Algebra for College Students by Robert Blitzer.




Application of Rational Exponents
3

Example 8: The function 'f(x)=‘7‘0'xif models the number of calories

per day, f(x), that a person needs to maintain life in terms of that
person’s weight, x, in kilograms. (1 kilogram is approximately 2.2
pounds.) Use the model and a calculator to find how many calories
per day are required to maintain life for a person who weighs 55
kilograms (about 121 pounds). Round your answer to the nearest

calorie. ¥ = ?Q_v’se?\’ﬁ‘_a ww&-i‘su‘{* ;;,»g \<f[ ramw g
Fov X= 65 , find f65):
e ey 3/‘-!

Qacy = 30 €
flss)a 30 - (20,1963)
fi55) 113,74
fiss) & WM

%
i
i

MA;\)S: Tor = person who w@figzaﬁ = kﬂo‘oyrwg Zﬁf'm’x”’mé&%

|

y o calones dve needed g maintria ufe |

/

/

S

o

Example 9: Use your calculator to evaluate the following to three
decimal places.

o (234)i % 3,911
b. (-—655)5 X35 42 |
il

. (45)i + @7 & BB . +3.6085
® 26,9832

X 0.983

Note: Portions of this document are excerpted from the textbook Introducfory and Intermediate
Algebra for College Students by Robert Blitzer.



Answers Section 10.2

Example 1:
a.b6
b.2

C. /9xy
d. ’x}

2

Example 2:
1

Example 3:
a. 64
b. 4

c. Not a real

number
d. -8

Example 4:
5

a. 84

2
b. (3x)3
C. (5xy)%

1

d. (25x2)g

Example 6:
a. 64

1
b. 74

5 5 10

¢c.37x7y7
1

d. 4x8

Example 7:
2

a. 2x°
1
b. 4x?y?
1
C. 2%
7
d. x8

3
e. x8

Example 8:

a. x=55kg,

f(55) = 1414
calories

Example 9:
a. 3.911
b. 75.421
c. 20.983

Note: Portions of this document are excerpted from the textbook Infroductory and Intermediate
Algebra for College Students by Robert Blitzer.
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10.3 Multiplying and Simplifying Radical Expressions

The Product Rule for Radicals

If %2 and b are real numbers, then
Ya «b =4/ab.

The product of two nth roots is the nth root of the product.

Note that in order to multiply two radicals, the radicals must have the
same index.
Example 1: Multiply. Assume all variables represent
nonnegative quantities.

2. V5 oG =30

b. Yxeifdy = JIBxy

c. Usx2 e¥2x® = W

10 %!

d. V2x+1e~/3x+7 = N(2x036%)
=12 B% N e T ()
= o x i B +F
e rt R+ T

Simplifying Radical Expressions by Factoring
A radical expression whose index is n is said to be simplified when its
radicand has no factors that are perfect nth powers.

To simplify a radical expression of index n:

1. Write the radicand in factored form, where all possibie perfect nith
| powers appear as one of the factors.

2. Use the product rule to take the nth root of each factor.

3. Find the nth root of the perfect nth power.

Note: Portions of this document are excerpted from the textbook Infroductory and Intermediate
Algebra for Colfege Students by Robetrt Blitzer.



Example 2: Simplify. Assume all variables represent nonnegative]
quantities.

g. I8 =322 =137 e /7 =2
={3v.{7 = 2J%.

b. \/E :*:J 3%, 2 «ff -
~3.2:4% \\
=l |

\

108 = Y2 -2+
= 3:JF
=39
d ¥ie2 = Vad - 2
iy
e. V50x° = EEx> V2K |
= S X V2% ' \
o 5-&&“’ \

R A

7. W“W? Foxy

= 3y 3y |6

q. 3/2X5y4 3{#@3 2 ,5 2%2.%

Using Absolit&valies S Whe en Simplifying Even Roots: For the
- [emainder of the chapter assume that no radicands involve negative
quantities raised to fo even powers. Thus, absolute value bars are are not
MMM%
necessary when taking even roots. One exception is the process of |
simplifying a radical function. In this case, absolute value bars must |

be used when taking even roots of even powers.

Example 3: Simplify. \} -~ Q}
V2x® +12x+18 =V2 { X ho v t
" \jix%g fz

=J2 (x+ 30y =2 (xﬁ‘)z =
fm TR X L

Note: Portions of this doct xcerpte"d from the
Algebra for College Students by Robert Blitzer.
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Perfect nth Powers

When simplifying radicals of index n that involve variables raised to
various powers, note that the perfect nth powers have exponents that
are divisible by n.

Example 4: Simplify.

a\/3x JSxxyy ‘\/_w/_\/_\/iwjg ?FRR\[W

R e J‘gy\y = K ?@“

e. 424a%° <=

= ‘%2)‘* b‘ﬁ* \,f zs-wa

f. §f6axy’ = \fz xm\f*\/z\j
= VB s ey

g. §2x°y® = \,/ x‘“\i! b z,x*xg

L b

Note: Portions of this document are excerpted from the textbook Introducfory and Intermediate
Algebra for Colfege Students by Robert Blitzer.




Multiplying and Simplifying Radicals

To multiply radicals that have the same index, n:
» Use the product rule for nth roots to multiply the radicals, and
o Simplify the result by factoring and taking the nth root of the
factors that are perfect nth powers.

Example 5: Multiply and simplify.

212 o8 =il
giﬁ"% W =230z = bla

b. V2xe/8x = Jﬁw%x
16 %™
3»53(

. 341556 = \Srm
@eJ‘%"’"' 25

. 3 1o

5
= 45J18
d. |5y = f10x? rf 54 :_"’sz
=EERYE LY
=SxyvEy

e
o

Q. @0% 3&{ Lf'x..
\fz“%;x \F

Note: Portions of this document are excerpted from the {extbaok Introductory and Intermediate
Algebra for College Students by Robert Blitzer.




Answers Section 10.3

Example 1: Example 5:
a 30 a. 6v2
b. 3/3xy b. 4x :
c. ¥10x* c. 45V10
d. V&x2 +17x+7 d. 5xy~/2y
E o2 e. 2)&/5
Xample ~
a 32 f. 2xy3/2y”

b. 6v2

C. 3;\/2

d. 342

e. SXE
f. 3y?3xy

g. xy}/2x%y
Example 3: f(x) = ‘\/§|X+3|} 6 \';ﬁ-”‘%\ 5%

Example 4:
a. x?y4/3xy

b. 2x%y3+2

c. xyA/3x

d. abW
a’bi/24ab

f. 2x* y%/2y
g. xy§/2x*y?
h. 2x4/x%y°

Note: Portions of this document are exceipted from the textbook Infroductory and Intermediate
Algebra for Colfege Students by Robert Blitzer.
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10.4 Adding, Subtracting and Dividing Radical
Expressions

Adding and Subtracting Radical Expressions

Radical expressions that have the same index and the same radicand
are called “like radicals”. Like radicals can be combined by adding or
subtracting their coefficients.

Please note that in order to add (or subtract) two radicals, the two
indicies AND the two radicands must be identical.
Example 1: Simplify.

a. 8V5-10v5=-2y5

b 33+505-4v3 = 892132

WMWWE e

6 xfT-247 = X=2%F
5+ 4VTE x5 = - 5 - x 15
d. v15+4+15 J%

simpiiﬁed_ | N
Example2 Simplify. é,,a
124327 =Jas3+Jor3 =25 +3V5 =2 = SIE 202 9™
| 12
b. V20445 = JZE.JE +J5 = 248 B +fg =38 {\gg

o BB = nd Btz + 32wz
=2%.[% 3.7 o/
=6{z *+ &z
=122




d\/zx‘ym/l?«fmfm*rw
Kr\g '%‘3\;_“?@
%(‘a&#?}fﬂ |

e. 3f16x*y? +3[54xy> = \[ 7 \/2}{ t \jgg ' \é‘

= 2rx- \fzw \f%ﬁw
= (2 € +3 Wz xyt

f. {/4)( N
4/ ? 5 ?Wi%.
= QX +2\§§\f‘§x *

Dividing Ratlonal Expressions

The Quotient Rule
i Ya and L\}/_—are real numbers and b = 0, then

The nth root of a quotient is the quotient of the nth roots.

The quotient rule may be used to simplify radical expressions or to

divide radical expressions.
Example 3: Use the quotient rule to simplify the radicals.

f\/*\/_
8 %E’*?& &fg
‘4‘9’“@. 7 *

m—

i Sy

C.

25y2

mﬂ"




244

Shult
d = =T - P
; 817 > 2> ya ?f \2}

e. ol @%\/mmm K

The quotient rule may also be used to divide radicals.
Example 4. Simplify.

V200 _ [200 | -
a. \/1_0 J— \/4_ 2\/_

b \fSOxy w,i jgng
Ty UZey VT
=354y = S

C. =R
\/x_y ! ':::Y 128
T g/\z}'
/A~
5 S




Answers Section 10.4

Example 1:

a. —2\/3

b. 83/3-4+/3

c. (x—2)w/?

d. (5-x)v15
Example 2:

a. 5v3

b. 3v5

c. 1242

d. (x+3) 2y

e. (2x+3)W

f.xqlaxy® +2y4/2xy°

Example 3:

a.

o

~|Z,

O

|-
.
> .

oy

>

X

2y
y4/13y

N

Example 4:

a.2v5
b. 54y
c. X2y

d. 5y3\/x_-2

254



10.5 Multiplying with More Than One Term and
Rationalizing Denominators

Multiplying Radicals with More Than One Term A (B+()=A EM -

To muitiply radicals with more than one term, use the distributive law.
If the two expressions are both binomials, you may use the FOIL
method.

‘Example 1: Simplify.

4. 7 (x+410) =7 xx+47 x10=# or JFx +/70
=x% +i30 )

b (U 4 4) = ¥R YR + IR T = P v K

(’,96 (5+\/7)(3-4ﬁ)=5*3—5*4ﬁ+ﬁ*3_ﬁ*4ﬁz? .E,{:?: ’?ﬂ

=5 203 +23/F — 4.3 o=
gt Vedz={7
= s = R
52 +7)(3v2 - 447 - -
:ésr )(BJ"‘))LCM ‘t)f“) FOREE) +UHEF)
= 1S 2= 200 ¥ 3§ —u,F
=30 ~VHY 2§ = 2~ 1Hig

e. (5+\/_ )
SRS e + GRS + (P

WL%? S+ (s T
W,Qfé%”{g@ FsiE 47 =32 tlofF

(5+7)(3- 447
f=(5m@()3+4cgg@~éf )+ B TNE4F) e

=S 20 fF 4 E — YF = 15 1FHF e g ot s L4

%:{S'\} %ﬁ F';‘“g 4L )
= 29 +5 F-“r— ~G 5

Note: Portidis ol this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Stiidents by Robert Blitzer,




Rationalizing Denominators Containing One Term

To rationalize the denominator of a radical expression, you must
rewrite the expression as an equivalent expression that does not
contain any radicals in the denominator. When the denominator
contains a single radical with an nth root, multiply the numerator and
the denominator by a radical of index n that produces a perfect nth
power in the denominator’s radicand.

Example 2: Rationalize each denominator.

518

a.

, V3

Jx
12

C. 4i—
b5x
J14

d. —
i,,,/g

f.

g.

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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g%&a

Wi
otb ¢ a-b @,%B}-(w@g)
Rationalizing Denominators Containing Two Terms = @ k- lnd

Radical expressions that involve the sum and the difference of the |.—-
same two terms are called conjugates.

Example 3: Find the conjugate of each expression.

2+3 § /2 =3

b. 5-3v5 ) s +3J/5

To rationalize a denominator that contains two terms, multiply both
numerator and denominator by the conjugate of the denominator.
Example 4: Ratlonahze each denominator.

15 ' Je-11. sUe-g 18-
a. =) :

Jo+1” wfjv"?éwﬁj Vore=it b -
B [Je-1] = §£@wi} 2l -~

o ST ST A

5+J‘ RIS (NP (B +ENH L),

b. : Tl ({FE-UF
Bﬁ@\r”ﬁ‘&i;i;‘if _JEE S plE s
= i &
- N

RN r*.g, 2R, (B ﬂm 4 (2R £ (2101)

N S U?Z

>< +/X 20X +2 _ %+3J‘“"‘ e

i

»o-=} H =N

LB (- !ﬂ j{ (("’){J‘QHT Dl 2+@@)ﬁf@?+(-::%m;
FBie-m| Wer-(ap o
S N(::f; -}_Z 6 - Jaz + . = 3% VB ~{9T

-y

[

-2

Note: Portions of this document are excerpted from the textbook Intmductory and Intermedrate V,m.m
Algebra for College Studenfs by Robert Blitzer, e 3 fi o f 2 Mfm A=Vig

“

s S SLAT L W B g

s



2

Answers Section 10.5

Example 1: Example 3:
a. \ﬁx+m,w XJF+70 a.vV2-3
b. %/F+%/ﬁ£ b. 5+35
c. —13-177 C. ¥x+3
d.2-1714
e. 32+10v7
f-18-177 Example 4:
9. 18 a. 3(\/6 1)-4“" wﬁ >

b V35 +4/21+/5 ++/3
' 6

Example 2:

a —— c x+3w/_+2

24/15x @{‘ _g N
c. =% JMI mﬁm’
4 V126 "’%
3
294x
e.

5.
< e

3x

40xyz

«Q
~
N
N .
.I\J

Note: Portions of this document are excerpted from the textbook Infroductory and Intermediate
Algebra for College Students by Robert Blitzer.
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10.6 Radical Equations

Solving Radical Equations

In order to solve an equation that contains one or more nth roofs,

1. If necessary, arrange the terms so that one radical is isolated on
one side of the equation.

2. Raise both sides of the equation to the nth power to eliminate the
nth root.

3. Solve the resulting equation. If this equation still contains nth
roots, repeat steps | and 2 until all nth roots have been eliminated.
4. Test each proposed solution in the original equation to determine
if it is a solution.

Example 1: Solve each radical equation. Note that each equation
contains only one square root. g ﬁa%w%‘%m st

a. J5x-1=8 oy M
Ve s
x;:;

{;X,{"“éq y :
brs x -t T L ==
Sx =65

b. Ndx-3=5

(gl
Yr-3 525

P L

. Vbx—4+2=6 chaell ) o fof = ;@,ﬁi

,  Em— -} ;f"""

LAVEA YT A XL T e
JEx-5 . = Y / R pog S ETA
%‘“g;f:;‘” = {4 / {16 +2=6

Gx-u=lb / 1ok
BTNV 626
5% = 20 : TRuE!
Sxon0 / |
§F

Note: Portions of this document are excerpted from the textbook Infroductory and Intermediate
Algebra for College Students by Robert Blitzer



£ fZ(Foé;—? izl )
k §Z&A¥" -+ [l
/‘— éfm .%i‘gi. J 10 ghit=6
2x+5=-5H § A P 1626
2x 6228 0 /) Ealse |
2X+b= ( 5) w3 B % sl VeI | H : ¢

“?a‘éf

=? Check this proposed solution to see if it works.

What is the solution, if any?

the root, and then raise both sides to the nth power.

Example 2: Solve each equation.

a. yx—-1=3

(x— )§=( 3) (Cube both sides)
~ x—1=27 (Solve this equation)

x=28
Answer : {28}
b. Y5x—
W? b
Ex-\=6Y
Ex-itizetdl

Sx =85
= g
=i

R

A s in

@%«&ﬁﬁ Y

lebaelt  Leheekt, 1o
' . | A= biptt éy e |
e. Xx=v6x+7 g & tha +o JGTITF et i
o Z . g = A . = = i
T PTY KT =0,00 XrIF0| | g % j}eﬁ’
X2 Gxtd x=Far¥etiqag [T
~ox Gt = b x=F+oxi? Tyl _ ﬁggéei
& ~bx-F=0 — o '
R ST S gl hee 2 @W@z.:
s 3 Vf* E&!) = B0 13-3
f.x=3x+7 -3 +ox ® @z Bt «»35 1= FE5F -3
K43 = 34 Bt 23 g;xﬁw L e T At s _.;2 N ?;r :EQ: \g“,_; -3
el [ e ke ARV it
(X3} = Bt F Either _“?f%“*“ﬁ‘ﬂg  ThyE)
W2ede rl = Tt x> o ﬂﬁ_ XH= j TReel
The following equatichs conﬁtam (5078 other than square roots E ‘ﬁ"“%“‘” M‘g-& =
Remember that to eliminate an nth root, isolate the term contalmng e

—

o,

g& %‘;\mS@ﬁ‘ é ’%}

Note: Portions of this document are excerpted from the textbook infroductory and Intermediate

Algebra for College Sfudents by Robert Blitzer
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c. ¥7x+2+15=17 (Hint: Isolate the fourth root f:rst)
@ &,ﬁawg@’%’“w f 2%

~1% ¥ :rf?”ﬁz 415 = —~{§+re»1-’_ik_g_.,_\<_;‘ Sl
m»} g t571F
e YT HSET
Fx+1=1b 416 #T=F
-2+t +27 "Lhb 5 ri52VF
"?“X - E:}:— g%
=4 True! |
K“z : .
d. x—3)3 = 5 (Hint: The — power means Cube*rovt"ﬁ”’" __ _ ‘
3 = 7118 |
[U"ﬁ)ﬂ @ b_che kK ; ) V g” [M""’"‘ ._ |
o2 =125 /| Qo) =5
<43 =12543 | (91535-*5
TR,

Some radical eguations contain more than one nth root. To solve
these equations, radical terms must be isolated one-by-one and
eliminated by raising both sides to the nth power.

Example 3: Solve each equation.

PN v S

( X — 8)2 = (\/; - 2)2 Square both sudec S

Isolate one radicak

(r»axmz)f

Chopg i !

[F7=F = l@-2

5 Ze
b= |

X — 8=(\/_ ) —dfx+4 Left 31de (\/_ ) = g, Right side: FOIL ‘E‘“{&w@“{
x—8=x+4—4+x  Simplify. :

—12=—-4x
3=v/x

O=x

Isolate the remaining radical.

Simplify.
Square both sides.

I

t .
E g@%mﬁ%ﬁ@w Mm

5

B e

|

Check this proposed solution: {9}. Does it work?

Note: Portions of this document are excerpted from the textbook /ntroductory and Intermediate
Algebra for College Students by Robert Blitzer



o b Nx—4+x+4=4
-'Jx-\—“HJ =4 HEFY - Y

m :.':—J;(T*i"‘-{
W= Ty Y

RSV ey IRV N e T G

YU = xv = SVxry +1b
X~4= X +20-8 JF+ry B _
“X-20 4+ X —Y§=—x-20 +xr20 - 8/ XY
24 = @ x#y "
€ -~
B =R+

N

c. Nx—4+x+1=5
={xrt &+ g rderv = T 65
mx ‘M'ﬁg
ren »va@
%4 = [T - 5T -5 +EY
¥-Y4 = 't —10fxy T1§
W% = X425 =107k
—Xob £X-4T =K ~26 5 42 ~10 R
=30 = ~{0 g+l
=50

2k

Sk

E(‘W oY

=0z +9 R )
=[Ra) ™~ e e b
= xit —~FKH tie

= X t2zo- @
f i

géiwﬁom 369* 5‘3}

Note: Portions of this document. are excerpted from the textbook Introductory and infermediate

Algebra for College Studénts by Robert Blitzer
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Applications of Square Root Functions
Example 4: Out of a group of 50,000 births, the number of peopie,
f(x) surviving to age x is modeled by the function

f(x) = 5000¢100—x.
a. How many people in the group are expected to survive to age
807
b. At what age are 35,000 people in the group still surviving?

(@), %x=80. : (,b\) FSMA X b\)i@&&fk '?()Q:%i
find  CEO=vowmir afg pesple gurving -
- Wege EO

35,000 = T |

Qeor= 5000V105 ~0) 35,000 = Go0006 X
(0= 5o 5o 35,000 - 5,000V755 %
feey= Bow o WG | s, ov 5,000
fgoy = 5,0 . 2.8 - F = roo—x

| fienr= rqmyz (H’I‘:-mf

| &?a‘)%ﬂ.gqm«{fz.mw&g 4G 00— x
feax 2%,360.7F =160 444 2= (00 +100 = «
0% 22,360 5= ~X

N ~5 =) = £ %) ()

@) Approcin il 12,360 pesple
shaald suruyrve tx aze £O.

k-

Lb) WQ&M w%“» 2 S, o W +8 Sorvive
£ age Y, B |

T i

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer
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Answers Section 10.6

Example 1:
a. {13}
b. {7}
c. {4}
d. No solution, or &
e. { 7} (Note that the proposed solution x = —1 does not work)

f.{-2, -1}

Example 2:
a. {28}
b. {13}
c. {2}
d. { 128}

Example 3:
a. {9}
b. { 5}
c. {8}

Example 4.
a. f(x) = 5000+/20= 22 360 About 22,360 people are expected to
survive to age 80.
b. At age 51 there are still 35,000 people in the group surviving.

Note: Portions of this document are excerpted from the textbook /ntroductory and Intermediate
Algebra for College Students by Robert Blitzer



10.7 Complex Numbers

The Imaginary Unit i
The imaginary unit i is defined as

i=+—1 where i* =—1,

If b is a positive number, then

Vb = Jb(1) b= b

Example 1: Write each square root of a negative number as a
multiple of i.

a. V-5=+/~-1%5 ’\/_’\/_—I\/_ pr F&
b.\/—25“’"€:§35 Firleg = {.5=5¢

c Vo186 = =FT s (= qe

Complex Numbers and Imaginary Numbers
~ The set of all numbers in the form
a + bi

with real numbers a and b, and i, the imaginary unit, is called the set
of complex numbers. The real number a is called the real part, and
the real number b is called the imaginary part, of the complex number
a + bi. Complex numbers can be further describéd as either:

¢ Imaginary, if a=0

e Real,ifb=0,

e Compiex but not real, if neither a nor b is zero.

Example 2:

a. Consider the complex number 8 + 5i. What is the imaginary _} " o D
part of the number? The real part? How can you further describe  y,. )
this number?

b. Consider the complex number 8. What is the imaginary part
of this complex number? How can you further describe this number?

c¢. Consider the complex humber 5i. What is the imaginary part
of this number? The real part? How can you further describe this ¢
number? €, )

Note: Portions of this document are excerpted from the textbook Algebra: A Combined Approach AN
by Elayn Marin-Gay.



Adding and Subtracting Complex Numbers

To add or subtract complex numbers:
1. {(a+bi)+ (c+di)=(a+c)+ (b+d)
In words, add complex numbers by adding the real parts

adding the imaginary parts, and expressing the result as a
complex number.

2. (a+bi)—(c+di)=(a—c)+ (b—d)i
In words, subtract complex numbers by subtracting the real

as_a complex.number.

parts, subtrac‘ung the imaginary parts and expressing the result

Examp!e 3: Simplify the following. |
a (2-3)+(5+7) S (2 ¥5) + (3143
e i 1
b. (10+8)~(2-6)= o +8¢ 246
? il"ie

method.

To muit:plycompiex numbers use the dlstnbutwe law and the FOIL

Example 4- Simplify the following.
a (2p31)(5+71;) fy('&)cg -%'-(1 ?‘I)’* f*%a?(ﬂ'*f%ﬁ(?’t}
= | 414 —}8( -2 0%
= 1P =y )Y R
= 10 -t +21 T Bl=-t

S
b i3 ﬁg('x;z;am«»u i
2240 =3 (=1 =P+ 210

Wm

he product rule for radicals only applies to real numbers If a radical
does not represent a real number, you must write the radical as a
multiple of i before you use the product rule.

Example 5: Slmpllfy the following.

\/:Z\/“ 2i*3i=
= @ﬁ“ﬁ}%“@

b. V-5vV—6 = VS{WE +Jo o/ %
=T, 1T
={*Jap :":(:“5)’@ =={z0

Note: Portions of this document are excerpted from the textbook Algebra A Cornbined Approach
by Elayn Martin-Gay.,
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_ «“b& v h
Qv%@)@} (& loi)= @‘ agb{ ;Mi%m L & m&mm '{:
=a’ -t FMW aamg

Conjugates and Division of C'omp_l__ex Numbers R
The conjugate of the complex number a + bi is the complex number
a - bi. When a complex number is muitiplied by its conjugate, the
result is a real number.

Example 6: Multiply each complex number by its conjugate.

a. 7i (FO-74y = —%A,2 = ~4q. ) =19

2. 2.0) = 3)_(3k’?(}%-{3)6?*c>’ . i
b. 3471 5 (3 +3 X3~ = q PPN S / -

c. 645 (L +5 M6 -—S’¢)-» ) »-(é)c’s“g)wé)@"f)—y: 4
=36 20 2o ~725 (¢

To divide two complex numbers, write in fraction form and then
multiply the numerator and the denominator by the conjugate of the
de_n‘ominatﬁr.

Example 7: Slmpllfy

_ —20f 2T 2 RN e T
f un #- : d i — T e {
o 321 of2 3 ?1} M T 44 (=) *4 T %
7 f }éf*?z 49 ¢ ’ : 3
3—21 6—5i | ?gg-»g%z R TN 18 -2 o0 1 ~27 mg‘?
'6+-5z 6+5i\6-5i) 36 %25 N & 6t
. €~
Qumﬁ?%%ﬁ&??g - - ey ﬁ?h
_ . 2% k
3-i _[3-¢ ?"H ;3”'3‘”%'°—m Mﬂf?wgg
7- L?w "Hg 94 + | —
suwnot 5*}‘”‘-@“”@2 = 1.,..._,1 — 5
o 2l =4l -6 56 S0
5/ =20 22,
| é 235
.2l -4¢ + 225
= - L f — & . M;%; is
S8 24 28
— 22 ~4 s
—=3

Note: Portions of this decument aré excerpted from the textbook Algebra: A Combined Approach
by Elayn Martin-Gay.



Powers of i
The powers of | cycle through four values: i, -1, —i, and 1.
Example 8: Simplify.
a i o= ¢
b i = =|
G . X

c. # =2t lre=-t

d i*s (& (= =)0 =Y
4

1.&.::--(,

-
——

Loat™N

St e et =~
P ) E L

ttf:‘ilg::-%

Simplifying Powers of i

To simplify a power of i

1. Express the given power of i in terms of .

2. Replace I* by -1 and simplify. Use the fact that —1 to an even
power is 1 and —1 to an odd power is —1.

Example 9: Simplify.
a = () =(-1) =

Note: Portions of this document are excerpted from the textbook Algebra: A Combined Approach

by Elayn Martin-Gay.
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Answers Section 10.7

Example 1:
a.iv5
b. 5i
c. 4i

Example 2:
a. 8 is the real partand 5 is
the imaginary part. The
number is a complex number
that is a “complex number
that is not real”.

b. 8 is the real part and O is
the imaginary part. The
number is a complex number
that is “real”.

c. Oisthereal partand 5 is
the imaginary part. The
number is a complex number
that is “imaginary”.

Example 3:
a.7+4i
b. 8 + 14i

Example 4:
a. 31 -1
b. 7+ 21i

Example 5:
a. 6

b. —/30

Example 6:
a. 49
b. 58
c. 61

Example 7:
2%-7 =l 27
a. 49 ,m 3

7
o 87271 o 8 - 27/
| bl

Z,

28

61 ! et

e 2274 oy 4 L
50 28
Example 8:

a.i

b. -1

c. —i

d. 1

e.i

f. -l

g. i

h. 1

Example 9:
a. 1
b. —i
c. 1
d. —i

Note: Portions of this document are excerpted from the textbook Algebra: A Combined Approach

by Elayn Martin-Gay.



